Background {#Sec1}
==========

Genes, the molecular units of heredity, hold the information to build and maintain cells. In the course of evolution, they are duplicated, lost, and passed to organisms through speciation. Genes originating from the same ancestral copy are called *homologs*. Homologous gene are grouped into *gene families*, usually via sequence similarity methods. Moreover, homologous genes can be *orthologous*, if their parental origin is a speciation, or *paralogous*, if it is a duplication. Orthologous gene are considered to be more similar in function than paralogs, a conjecture known as the *orthology conjecture* \[[@CR1]\]. This is a major motivation for inferring gene evolution, as it is a prerequisite for functional prediction purposes.

Starting usually from a DNA or protein sequence alignment, the tree-based method requires to build a phylogenetic tree, called gene tree, for the considered gene family. Reconciliation \[[@CR2]\] with the species tree then allows to infer evolutionary events (duplications and speciations) associated with the internal nodes of the gene tree. Hence the internal nodes of a gene tree can be labeled as duplications and losses, and such a labeling induces a full orthology and paralogy set of relations between gene pairs. In order to detect orthology, tree-free methods are also available. These methods are based on gene clustering according to sequence similarity, (cf. e.g. the COG database \[[@CR3]\], OrthoMCL \[[@CR4]\], InParanoid \[[@CR5]\], Proteinortho \[[@CR6]\]), synteny \[[@CR7], [@CR8]\] or functional annotation of genes \[[@CR9]\]. Such methods usually are not able to detect a full set of relations, but only a partial set, i.e. some relations among genes are not inferred.

Recent papers \[[@CR10], [@CR11]\] have investigated, from a graph theory point of view, the link between trees and orthology/paralogy relations (we just say "relations" in the following). Given a gene family $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{C}$$\end{document}$ of pairwise relations, a first problem is whether we can reconstruct a labeled gene tree for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{C}$$\end{document}$. The problem can be subdivided into two parts. First, we can consider whether $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{C}$$\end{document}$ is *satisfiable*, i.e. whether there exists an event-labeled gene tree *G* in agreement with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{C}$$\end{document}$. However satisfiability is not sufficient to ensure the possibility for the relation set to reflect a true history, as nodes of *G* labeled as speciations can be contradictory. This raises the second question which is the existence of an *S-consistent* gene tree, namely an event-labeled tree that can be obtained by reconciliation with a species tree *S*. A simple characterization of satisfiability is given in \[[@CR10]\], when the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{C}$$\end{document}$ is a full set of relations (i.e. each pair of genes of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal C}$$\end{document}$). On the other hand, checking for *S*-consistency can be done in polynomial-time for full sets \[[@CR12], [@CR13]\], and also partial sets of relations \[[@CR14]\].

In this paper we explore the link between relations and trees in the perspective of relation and tree correction. Several gene tree databases from whole genomes are available, including for instance Ensembl Compara \[[@CR15]\], Hogenom \[[@CR16]\], Phog \[[@CR17]\], MetaPHOrs \[[@CR18]\], PhylomeDB \[[@CR19]\], Panther \[[@CR20]\]. However, due to various limitations such as alignment errors, systematic artifacts of inference methods or insufficient differentiation between sequences, trees are known to contain errors and uncertainties. Consequently, a great deal of effort has been put towards tools for gene tree editing \[[@CR21]--[@CR29]\]. Most of them are based on selecting, in a neighborhood of an input tree, one best fitting the species tree.

Two years ago, we developed the first algorithm for gene tree correction using orthology relations \[[@CR7]\]. Here we address, from a complexity and approximation point of view, the more general problem of correcting a gene tree according to a set of orthology and paralogy relations. We consider two objective functions: the number of unchanged relations (from orthology to paralogy or vice-versa), leading to the Maximum Homology Correction problem, and the number of unchanged clades (the Robinson-Foulds distance \[[@CR30]\]), leading to the Maximum Clade Correction problem. We provide NP-completeness results for these two problems.

Conversely, we also address the problem of correcting a set of relations so that it represents a valid history in terms of *S*-consistency. A set of relations is usually represented as a graph *R*, where edges represent orthologous relations and non-edges represent paralogous relations. The satisfiability problem related to *S*-consistency reduces to adding or removing a minimum number of edges of *R* in order to make it $\documentclass[12pt]{minimal}
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                \begin{document}$$P_4$$\end{document}$-free (that is, it contains no induced path of length three), as shown in \[[@CR10]\]. The problem is known to be NP-Hard and fixed parameter tractable \[[@CR31]\]. In \[[@CR11]\], an integer linear programming formulation is used to correct relation graphs of reasonable size. A factor approximation algorithm of factor $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta$$\end{document}$ is the degree of the graph *R*, is given in \[[@CR32]\]. The *S*-consistency problem, however, has never been studied.

In this paper, two criteria are considered for correcting a set *R* of relations: minimize the number of modified relations, and maximize the number of genes inducing an *S*-consistent set of relations. The first problem is shown to be NP-complete, while the second problem is shown to be not approximable within factor $\documentclass[12pt]{minimal}
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Trees and orthology relations {#Sec2}
=============================

All trees considered in this paper are assumed to be rooted. They are not necessarily binary, but we assume that all nodes are of degree at least three, except possibly the root that can be of degree two. Given a set *X*, a *tree T for X* is a tree whose leafset $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal L}(T)$$\end{document}$ is in bijection with *X*. We denote by *V*(*T*) the set of nodes and by *r*(*T*) the root of *T*. Given an internal node *u* of *T*, the subtree rooted at *u* is denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$T_u$$\end{document}$ and we call the leafset $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal L}(T_u)$$\end{document}$ the *clade ofu*. A node *u* is an *ancestor* of *v* if *u* is on the (inclusive) path between *v* and the root, and we then call *v* a descendant of *u*. If $\documentclass[12pt]{minimal}
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                \begin{document}$$u \ne v$$\end{document}$, then *v* is a *strict descendant* of *u*, and if *u* and *v* are connected by an edge of *T*, then *v* is a *child* of *u*. The *lowest common ancestor* (lca) of *u* and *v*, denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$lca_T(u, v)$$\end{document}$, is the ancestor common to both nodes that is the most distant from the root. We say that *u* and *v* are *separated* if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$lca_T(u, v) \notin \{u,v\}$$\end{document}$ (i.e. none is an ancestor of the other). We define $\documentclass[12pt]{minimal}
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                \begin{document}$$lca_T(U)$$\end{document}$ analogously for a set *U* of nodes. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L'$$\end{document}$ be a subset of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal L}(T)$$\end{document}$. The restriction $\documentclass[12pt]{minimal}
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                \begin{document}$$L'$$\end{document}$ is the tree with leaf set $\documentclass[12pt]{minimal}
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                \begin{document}$$L'$$\end{document}$ obtained from the subtree of *T* rooted as $\documentclass[12pt]{minimal}
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                \begin{document}$$lca_T(L')$$\end{document}$, by removing all leaves that are not in $\documentclass[12pt]{minimal}
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                \begin{document}$$L'$$\end{document}$, and contracting all internal nodes of degree two, except the root. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$T'$$\end{document}$ be a tree such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal L}(T') = L' \subseteq {\mathcal L}(T)$$\end{document}$. We say that *T* displays $\documentclass[12pt]{minimal}
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Evolution of a gene family {#Sec3}
--------------------------

Species evolve through *speciation*, which is the separation of one species into distinct ones. A species tree *S* for a species set $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma$$\end{document}$ represents an ordered set of speciation events that have led to $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma$$\end{document}$: an internal node is an ancestral species at the moment of a speciation event, and its children are the new descendant species. Inside the species' genomes, genes undergo speciation when the species to which they belong do, but also duplications, and losses (other events such as transfers can happen, but we ignore them here). A *gene family* is a set of genes $\documentclass[12pt]{minimal}
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                \begin{document}$$s : \Gamma \rightarrow \Sigma$$\end{document}$ mapping each gene to its corresponding species. The evolutionary history of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma$$\end{document}$ can be represented as a node-labeled *gene tree* for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma$$\end{document}$, where each internal node refers to an ancestral gene at the moment of an event (either speciation or duplication), and is labeled as a speciation (*Spec*) or duplication (*Dup*) accordingly.

Formally, we call a *DS-tree* for $\documentclass[12pt]{minimal}
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                \begin{document}$$(G, ev_G)$$\end{document}$, where *G* is a tree with $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal L}(G) = \Gamma$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ev_G:V(G) \setminus {\mathcal L}(G) \rightarrow \{Dup, Spec\}$$\end{document}$ is a function labeling each internal node of *G* as a duplication or a speciation node (we drop the *G* subscript from $\documentclass[12pt]{minimal}
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                \begin{document}$$ev_G$$\end{document}$ when it is clear from the context). Given a species tree *S*, the *LCA-mapping* function $\documentclass[12pt]{minimal}
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                \begin{document}$$s_G : V(G) \rightarrow V(S)$$\end{document}$ maps each gene of *G*, ancestral or extant, to a species as follows: if $\documentclass[12pt]{minimal}
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                \begin{document}$$s_G(g) = lca_S( \{s(g') : g' \in {\mathcal L}(G_g) \})$$\end{document}$. An example is given in Fig. [1](#Fig1){ref-type="fig"}, where the label of each node of *G* represents its LCA-mapping with respect to *S*.

According to the Fitch \[[@CR33]\] terminology, we say that two genes *x*, *y* of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal P} (G)$$\end{document}$, the set of all gene pairs that are orthologous, respectively paralogous in *G*. By $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal P} (G)$$\end{document}$). In Fig. [1](#Fig1){ref-type="fig"}, $\documentclass[12pt]{minimal}
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                \begin{document}$$a_1b_1$$\end{document}$) is an orthology (respec. paralogy) relation *induced* by *G*.Fig. 1A species tree *S*, a binary *DS*-tree *G* and a non-binary *DS*-tree $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _i$$\end{document}$ denotes a gene belonging to the genome $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal P} (G) = {\mathcal P} (G')$$\end{document}$. Notice that, although in this example the gene trees contain exactly one gene copy from each genome, this is not a requirement. Another example with multiple gene copies in genome *a* is given in Fig. [2](#Fig2){ref-type="fig"}
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### **Definition 1** {#FPar1}

Let *S* be a species tree and *G* be a DS-tree. Let *v* be an internal node of *G* such that $\documentclass[12pt]{minimal}
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We say that *G* is *S-consistent* if and only if every speciation node of *G* is *S*-consistent.

Notice that *G* and *S* are not required to be binary. In particular, the definition of *S*-consistency for a speciation node *v* of *G* does not require *v* to be binary, even if *S* is binary. The reason is that in such a case, one can "refine" *v* into a set of binary *S*-consistent speciation nodes based on the topology of *S*. This operation does not affect the orthology and paralogy relations of the genes of *G* (see Fig. [1](#Fig1){ref-type="fig"}). Duplication nodes can be refined as well. Lemma [1](#FPar2){ref-type="sec"} formalizes this intuition. This will serve to show that our results hold for both non-binary and binary gene trees.

### **Lemma 1** {#FPar2}
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### Proof {#FPar3}
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We can verify that both *DS*-trees in Fig. [1](#Fig1){ref-type="fig"} are *S*-consistent. For example, the speciation node *z* in $\documentclass[12pt]{minimal}
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Relation graph {#Sec4}
--------------
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We end this section with additional notations that will be of use later. A *subgraph*$\documentclass[12pt]{minimal}
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Relation correction problems {#Sec5}
============================

We raise the issue of leaving out a minimum of information from a relation graph *R* in order to reach satisfiability and *S*-consistency. Two optimality criteria are considered: (1) the minimum number of edges that need to be removed; (2) the maximum number of genes that can be kept.

The minimum edge-removal consistency problem {#Sec6}
--------------------------------------------

Based on the same construction used in paper \[[@CR34]\], we show that adding the information on the species tree *S* does not make the problem of removing the minimum number of edges leading to a $\documentclass[12pt]{minimal}
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**Minimum edge-removal consistency problem:**

**Input:** A relation graph *R* for a gene family $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma$$\end{document}$, a species tree *S* and an integer *k*;

**Output:** "Yes" if and only if there exists an *S*-consistent subgraph $\documentclass[12pt]{minimal}
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### **Theorem 3** {#FPar10}

*The*Minimum Edge-Removal Consistency Problem*is NP-Complete, even if for any distinct*$\documentclass[12pt]{minimal}
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### *Proof* {#FPar11}
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The Maximum Node Consistency problem {#Sec7}
------------------------------------

We introduce the Maximum Node Consistency Problem (in its decision version) and we consider the approximation complexity of the corresponding optimization version.

**Maximum Node Consistency problem:**

**Input:** A relation graph *R* for a gene family $\documentclass[12pt]{minimal}
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**Output:** "Yes" if and only if there exists an *S*-consistent induced subgraph $\documentclass[12pt]{minimal}
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### **Lemma 3** {#FPar12}
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### Proof {#FPar13}
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Now, we are ready to prove the main result of this section.

### **Lemma 4** {#FPar14}
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### *Proof* {#FPar15}
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### **Theorem 4** {#FPar16}

*The optimization version of*Maximum Node Consistency* cannot be approximated within a factor*$\documentclass[12pt]{minimal}
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### Proof {#FPar17}
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We get the following as an immediate corollary, which will be of use later:

### **Corollary 1** {#FPar18}

*The decision version of*Maximum Node Consistency *is NP-Hard, even on instances in which for any distinct*$\documentclass[12pt]{minimal}
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Gene tree correction problems {#Sec8}
=============================

In this section, we are given a gene family $\documentclass[12pt]{minimal}
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The Maximum Homology Correction problem {#Sec9}
---------------------------------------

**Maximum Homology Correction problem:**

**Input:** A species tree *S*, an *S*-consistent *DS*-tree *G* for a gene family $\documentclass[12pt]{minimal}
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**Output:** "Yes" if there exists an *S*-consistent *DS*-tree $\documentclass[12pt]{minimal}
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### **Theorem 5** {#FPar19}

*The*Maximum Homology Correction*problem is NP-Complete, even if S, G and*$\documentclass[12pt]{minimal}
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### Proof {#FPar20}

The problem is clearly in NP, as verifying *S*-consistency can be done in polynomial time, as well as counting the common orthologs/paralogs relations (the set of relations is quadratic in size). For our reduction, we use the Minimum Edge-Removal Consistency problem for the case of a gene family with at most one gene per genome, which is NP-Hard by Theorem [3](#FPar10){ref-type="sec"}. Given a species tree *S*, a relation graph *R* with *V*(*R*) in bijection with $\documentclass[12pt]{minimal}
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The maximum clade correction problem {#Sec10}
------------------------------------

**Maximum clade correction problem:**

**Input:** A gene tree *G*, a species tree *S*, a set *O* of orthology and a set *P* of paralogy relations and an integer *k*;

**Output:** "Yes" if there exists an *S*-consistent *DS*-tree $\documentclass[12pt]{minimal}
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### **Lemma 5** {#FPar21}

*Let G be an S-consistent gene tree, for some species tree S. Let x be a gene not in G and y be some gene in G with*$\documentclass[12pt]{minimal}
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### Proof {#FPar22}
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### **Theorem 6** {#FPar23}
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Algorithmic avenues {#Sec11}
===================

As the problems considered in this paper are all computationally hard, only non-polynomial exact algorithms or approximation algorithms avenues can realistically be explored. Let us generalize the Minimum Edge-Removal Consistency problem to the minimum *editing* problem (i.e. minimzing edge removals and insertions). It is not hard to imagine a branch-and-bound algorithm that solves the problem. Call an induced subgraph *H* of a relation graph *Rbad* if it is a $\documentclass[12pt]{minimal}
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                \begin{document}$$R'$$\end{document}$ has had more editings than the best solution encountered so far, the algorithm can stop the recursion. Notice however that an edge should not be edited more than once in order to avoid infinite loops. The idea of this branch-and-bound algorithm can also be applied to the Maximum Node Consistency problem. It is known that a $\documentclass[12pt]{minimal}
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As for approximations, an algorithm proposed in \[[@CR32]\] can be directly applied to the Minimum Edge-Removal Consistency problem and guarantees that we do not remove more than $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta (R)$$\end{document}$ is the maximum degree of *R*. The idea is simple: as long as *R* has a bad subgraph *H*, remove every edge incident to a vertex of *H* and continue. Even though this is the best known approximation algorithm so far, it has the undesirable effect of isolating many vertices, motivating the exploration of alternative algorithms. One direction would be to consider existing ideas on the problem of satisfiability, i.e. finding the minimum number of editings required to make a graph $\documentclass[12pt]{minimal}
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As for gene tree correction, we have developed in \[[@CR14]\] a polynomial-time algorithm which, given a species tree *S* and partial sets of relations *O* and *P*, verifies if there exists an *S*-consistent gene tree $\documentclass[12pt]{minimal}
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                \begin{document}$$G'$$\end{document}$ satisfying *O* and *P* and if so, constructs one among the set of all possible solutions. In ordre to correct a gene tree *G*, we can envisage an extension of this algorithm allowing to provide *G* as input, and pick, among the solutions of the algorithm the one which is the closest to *G* (either in terms of common homology relations or clades).

Conclusions {#Sec12}
===========

A gene tree induces a set of orthology and paralogy relations between members of a gene family, but the converse is not always true. In this paper we have shown that attempting to modify a set of relations as least as possible in order to ensure consistency with a species tree leads to the formulation of NP-Complete problems. Moreover, even assuming that the given relations are error-free, it remains computationally difficult to correct a gene tree in order to fit the given set of relations. As various model-free methods are available to infer orthology and paralogy, these correction problems are of practical biological interest. A future direction would be to explore the exact branch-and-bound algorithms and heuristics mentioned in the last section, and design fast approximation algorithms for the relation graph and gene tree editing problems.

The term 'relation graph' is also used in phylogenetics in the form of a generalization of a median network to a set of partitions. To make it clear, relation graphs in this paper have nothing to do with this notion.

Manuel Lafond, Riccardo Dondi and Nadia El-Mabrouk contributed equally to this work

ML, RD and NE modeled the four problems presented, and devised and wrote the hardness proofs. All authors read and approved the final manuscript.

Competing interests {#d30e22764}
===================

The authors declare that they have no competing interests.

Funding {#FPar26}
=======

Publication of this work is funded by the Natural Sciences and Engineering Research Council of Canada (NSERC) and the Fonds de Recherche Nature et Technologies of Quebec (FRQNT).
